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Context: large-scale (unsupervised) machine learning

Goal: learn from the dataset about the underlying distribution!
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What do we learn? What is 𝜃?

For today:

k-means clustering.
𝜃 = {𝑐1, …, 𝑐𝑘}, 𝑘 centroids in ℝ𝑑 minimizing
the sum of squared errors:

SSE((𝑐𝑗)1≤𝑗≤𝑘, 𝑋) =
𝑛

∑
𝑖=1

min
𝑗

‖𝑥𝑖 − 𝑐𝑗‖2.

→

Each sample 𝑥𝑖 is assigned to the closest centroid.
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Handling large datasets: several approaches

𝑥1 𝑥2 𝑥3 ⋯ 𝑥𝑛

" large 𝐧

𝑑
Use the whole dataset
e.g. empirical risk minimization
" Requires storage, RAM, time, GPUs.

“Compressive” approaches?

𝑦1 𝑦2 𝑦3 ⋯ 𝑦𝑛
Dimensionality reduction
New dimension 𝑑′ ≪ 𝑑.

𝑧1 𝑧2 𝑧3 ⋯ 𝑧𝑛

Subsampling (Coresets, Nyström methods)
𝑛′ ≪ 𝑛 samples

4 / 12



Handling large datasets: several approaches

𝑥1 𝑥2 𝑥3 ⋯ 𝑥𝑛

" large 𝐧

𝑑
Use the whole dataset
e.g. empirical risk minimization
" Requires storage, RAM, time, GPUs.

“Compressive” approaches?

𝑦1 𝑦2 𝑦3 ⋯ 𝑦𝑛
Dimensionality reduction
New dimension 𝑑′ ≪ 𝑑.

𝑧1 𝑧2 𝑧3 ⋯ 𝑧𝑛

Subsampling (Coresets, Nyström methods)
𝑛′ ≪ 𝑛 samples

4 / 12



Handling large datasets: several approaches

𝑥1 𝑥2 𝑥3 ⋯ 𝑥𝑛

" large 𝐧

𝑑
Use the whole dataset
e.g. empirical risk minimization
" Requires storage, RAM, time, GPUs.

“Compressive” approaches?

𝑦1 𝑦2 𝑦3 ⋯ 𝑦𝑛
Dimensionality reduction
New dimension 𝑑′ ≪ 𝑑.

𝑧1 𝑧2 𝑧3 ⋯ 𝑧𝑛

Subsampling (Coresets, Nyström methods)
𝑛′ ≪ 𝑛 samples

4 / 12



Compressive learning: yet another idea

𝑥1 𝑥2 ⋯ 𝑥𝑛

Φ(
𝑥 1

)
Φ(

𝑥 2
)

⋯

Φ(
𝑥 𝑛

)

Dataset X
(size 𝑑 × 𝑛)

" large 𝑛

𝑑

𝐳

𝑚

Sketch
(size 𝑚 = Θ(𝑝) ≪ 𝑛𝑑)

1 Sketching
𝜃

𝑝

Parameters
(size 𝑝)

2 Learning
(without the data!)

Define a feature
map Φ ∶ ℝ𝑑 → ℂ𝑚 .

Φ Average

Convenient for…
· distributed data!
· data streams!
· privacy preservation!

[Chatalic et al., 2020]

1 Sketching

[Bourrier, Gribonval, and Pérez, 2013. “Compressive Gaussian Mixture Estimation”]
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Which feature map Φ? How to learn?
For k-means clustering and GMM fitting, random Fourier features [Rahimi and Recht, 2008] :

Φ(𝑥) = ⎡⎢
⎣

𝑒−𝑖𝜔𝑇
1 𝑥

⋮
𝑒−𝑖𝜔𝑇

𝑚𝑥

⎤⎥
⎦

∈ ℂ𝑚, with 𝜔 𝑖.𝑖.𝑑.∼ N (0, 1
𝜎2 𝐼) ∊ R𝑑.

Learn from the empirical sketch = moment-matching problem (cf. [Hall, 2005] ).
k-means clustering: looking for centroids 𝐶 = 𝑐1, …, 𝑐𝑘 in R𝑑 and weights 𝛼:

(𝐶, 𝛼) = arg min
𝐶,𝛼≥0
𝛼𝑇 𝟏=1

∥
𝑘

∑
𝑖=1

𝛼𝑖Φ(𝑐𝑖)
⏟⏟⏟⏟⏟

sketch of the
centroids (𝑐𝑖)1≤𝑖≤𝑘

− 𝐳
⏟

empirical
sketch

∥
2
.

" This is non-convex!
Heuristics exist (Continuous OMP [Keriven et al., 2017] , Message passing [Byrne et al., 2019] …)
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Interpretation of Φ(𝑥) = ⎡⎢
⎣

𝑒−𝑖𝜔𝑇
1 𝑥

⋮
𝑒−𝑖𝜔𝑇

𝑚𝑥

⎤⎥
⎦

∈ ℂ𝑚

For probabilists:
Sketch = random samples of the empirical characteristic function 𝜑.
Learning from the sketch ≈ generalized method of moments

For sparsity addicts:
Akin to compressive sensing [Foucart and Rauhut, 2013] .
Sketch = noisy linear measurements of the distribution via A(𝜋) = E𝑥∼𝜋Φ(𝑥).
Recovery possible with additional regularity assumptions (e.g. : recover mixture of diracs).

Signal processing perspective:
‖𝐳𝜋1 − 𝐳𝜋2 ‖2 ≈ ‖𝜅 ⋆ 𝜋1 − 𝜅 ⋆ 𝜋2‖𝐿2(R𝑑) where 𝜅 ∶ 𝑢 ↦ exp(− ‖𝑢‖2

2𝜎2 ) (Remember 𝜔 ∼ N (0, 1
𝜎2 𝐼))

i.e. sketching = low-pass filtering with a Gaussian kernel.

7 / 12



Interpretation of Φ(𝑥) = ⎡⎢
⎣

𝑒−𝑖𝜔𝑇
1 𝑥

⋮
𝑒−𝑖𝜔𝑇

𝑚𝑥

⎤⎥
⎦

∈ ℂ𝑚

For probabilists:
Sketch = random samples of the empirical characteristic function 𝜑.
Learning from the sketch ≈ generalized method of moments

For sparsity addicts:
Akin to compressive sensing [Foucart and Rauhut, 2013] .
Sketch = noisy linear measurements of the distribution via A(𝜋) = E𝑥∼𝜋Φ(𝑥).
Recovery possible with additional regularity assumptions (e.g. : recover mixture of diracs).

Signal processing perspective:
‖𝐳𝜋1 − 𝐳𝜋2 ‖2 ≈ ‖𝜅 ⋆ 𝜋1 − 𝜅 ⋆ 𝜋2‖𝐿2(R𝑑) where 𝜅 ∶ 𝑢 ↦ exp(− ‖𝑢‖2

2𝜎2 ) (Remember 𝜔 ∼ N (0, 1
𝜎2 𝐼))

i.e. sketching = low-pass filtering with a Gaussian kernel.

7 / 12



Interpretation of Φ(𝑥) = ⎡⎢
⎣

𝑒−𝑖𝜔𝑇
1 𝑥

⋮
𝑒−𝑖𝜔𝑇

𝑚𝑥

⎤⎥
⎦

∈ ℂ𝑚

For probabilists:
Sketch = random samples of the empirical characteristic function 𝜑.
Learning from the sketch ≈ generalized method of moments

For sparsity addicts:
Akin to compressive sensing [Foucart and Rauhut, 2013] .
Sketch = noisy linear measurements of the distribution via A(𝜋) = E𝑥∼𝜋Φ(𝑥).
Recovery possible with additional regularity assumptions (e.g. : recover mixture of diracs).

Signal processing perspective:
‖𝐳𝜋1 − 𝐳𝜋2 ‖2 ≈ ‖𝜅 ⋆ 𝜋1 − 𝜅 ⋆ 𝜋2‖𝐿2(R𝑑) where 𝜅 ∶ 𝑢 ↦ exp(− ‖𝑢‖2

2𝜎2 ) (Remember 𝜔 ∼ N (0, 1
𝜎2 𝐼))

i.e. sketching = low-pass filtering with a Gaussian kernel.

7 / 12



Statistical Learning Guarantees?
Yes! (Control of the excess risk)

Successful recovery provided that:
Condition on the kernel

𝜎2 ≤ 𝜀2/ log(𝑘)

where 𝜀 = separation (minimum distance)
between clusters.

Minimum sketch size

𝑚 ≳ 𝑘2𝑑.
In practice: 𝑚 = Θ(𝑘𝑑) is sufficient.
(Remember: we are learning 𝑘𝑑 parameters.)

10−2 10−1 100 101 102 103 104

Kernel variance 𝜎2

100.0

100.2

100.4

100.6

RS
SE

Synthetic data (𝑑= 2, 𝑘=5, 𝑛=104)

𝑚/(𝑘𝑑) = 2
𝑚/(𝑘𝑑) = 6
𝑚/(𝑘𝑑) = 100
𝑚/(𝑘𝑑) = 1000

Figure: Impact of the sketch size 𝑚 on clus-
tering error (RSSE = SSE error w.r.t. stan-
dard k-means).

[Gribonval et al., 2017. Compressive Statistical Learning with Random Feature Moments]
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How to choose 𝜎2? [Chatalic and Gribonval, 2020]

Simulations with data drawn as 𝑥 𝑖.𝑖.𝑑.∼ ∑𝑘
𝑖=1

1
𝑘N (𝐜𝑖, 𝜎2

intra𝐼) with 𝐜𝑖
𝑖.𝑖.𝑑.∼ N (0, 𝜎2

inter𝐼).

101 103

𝜌2 = 𝜎2
inter/𝜎2

intra

101

103

105

K
er

ne
lV

ar
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nc
e

𝜎2

𝑑=10, 𝑘=5, 𝑚/(𝑘𝑑)=4

𝑑𝜎2
𝑋

mean𝑖≠𝑗‖𝐜𝑖 − 𝐜𝑗‖2
2 ≈ 2𝑑𝜎2

inter

𝜖2 = min𝑖≠𝑗‖𝐜𝑖 − 𝐜𝑗‖2
2

Intra-cluster variance 𝜎2
intra

101 102

𝑘

100

101

102

103

104
𝜌2 =10, 𝑑=10, 𝑚/(𝑘𝑑)=4

𝜖2/(16 log(𝑒𝑘))

101 103

𝑑

10−2

100

102

104

𝜌2 =10, 𝑘=10, 𝑚/(𝑘𝑑)=4

100 101 102

𝑑

10−2

100

102

104

106
𝜌2 =10, 𝑘=2, 𝑚/(𝑘𝑑)=4

proposed (𝑘 = 2)
100

101

Yellow = good (RSSE ≈ 1), blue = bad.

Dot-dashed green curve: squared separation
Other curves: heuristics proposed so far

Conclusion:
Use the clusters separation
The log(𝑘)−1 dependency might
be a proof artifact
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How to learn the separation 𝜀 from the dataset?

Consider a mixture of dirac 𝑃𝐶 = 1
𝑘 ∑1≤𝑖≤𝑘 𝛿𝑐𝑖

.
Define 𝐝𝑖𝑗 ≜ 1

2 (𝐜𝑖 − 𝐜𝑗) for any 𝑖, 𝑗.

When 𝐤 = 𝟐, we have
1 − |𝜑(𝝎)|2 = sin2(𝝎⊤𝐝12) ≈ |𝝎⊤𝐝12|2 provided 𝜎𝜔 ≪ 1/‖𝐝12‖

→ we can get an approximation of 𝜀 = ‖𝐝12‖

When 𝐤 > 𝟐, 1
2 (𝑘2|𝜑(𝑡𝝎)|2 − 𝑘) = ∑

𝑖<𝑗
cos(2𝜋𝑓𝑖𝑗𝑡) where 𝑓𝑖𝑗 ≜ 1

𝜋 |𝝎𝑇 𝐝𝑖𝑗|.

→ … to be continued !
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